In this paper, we extend the recent theorem of G. Heier and A. Levin [HL17] on the generalization of Schmidt's subspace theorem and Cartan's Second Main Theorem in Nevanlinna theory to closed subschemes located in l-subgeneral position, using the generic linear combination technique due to Quang (see [Quang19] ).
Introduction
In recent years, there have been many efforts and developments in extending the Schmidt's subspace theorem, as well as Cartan's Second Main Theorem in Nevanlinna theory. The break through was made by Evertse-Ferretti [EF08] by proving the following Theorem A (see also the result of Corvaja and Zannier [CZ04] ). We use the standard notations in Nevanlinna theory and Diophantine approximation (see, for example, [Voj11] , [Voj87] , [Ru01] , [Ru16] and [Ru17] ). For the closed subschemes, we use the notations in [HL17] and [RW17] .
Theorem A ( [EF08] ). Let X be a projective variety of dimension n defined over a number field k. Let S be a finite set of places of k. For each v ∈ S, let D 0,v , . . . , D n,v be effective Cartier divisors on X, defined over k, and in general position. Suppose that there exists an ample Cartier divisor A on X and positive integers d j,v such that D j,v is linearly equivalent to d j,v A (which we denote by D j,v ∼ d j,v A) for j = 0, . . . , n and all v ∈ S. Then, for every ǫ > 0, there exists a proper Zariskiclosed subset Z ⊂ X such that for all points x ∈ X(k) \ Z, Here, λ Dj,v ,v is a local Weil function associated to the divisor D j,v and place v in S.
The counterpart result in Nevanlinna theory was obtained by the second named author [Ru09] in 2009. Theorem B ( [Ru09] ). Let X be a complex projective variety and D 1 , . . . , D q be effective Cartier divisors on X, located in general position. Suppose that there exists an ample Cartier divisor A on X and positive integers d j such that D j ∼ d j A for j = 1, . . . , q. Let f : C → X be a holomorphic map with Zariski dense image.
Then, for every ǫ > 0,
where ≤ exc means the inequality holds for all r ∈ R ≥0 outside a set of finite Lebesgue measure.
In order to formulate and uniformize the results for a general divisor D on X, the second named author introduced (see [Ru16] and [Ru17] ) the notion of Nevanlinna constant Nev(D). Later, the Nevanlinna constant Nev(D) was further developed by Ru-Vojta [RV16] to the birational Nevanlinna constant Nev bir (L, D), where L is a line sheaf (i.e. an invertible sheaf) over X. With the notation Nev bir (L, D), the following result was obtained by Ru-Vojta in [RV16] .
Theorem C (Arithmetic Part, [RV16] ). Let k be a number field, and S be a finite set of places of k. Let X be a projective variety and let D be an effective Cartier divisor on X, both defined over k. Let L be a line sheaf on X with dim H 0 (X, L N ) ≥ 1 for some N > 0. Then, for every ǫ > 0, there is a proper Zariski-closed subset Z of X such that the inequality
The corresponding result in Nevanlinna theory is also obtained in [RV16] . Here and in the following context, we only state the arithmetic results.
In general Nev bir (L, D) is hard to compute. However, in the case when D = 
Theorem D (Arithmetic Part, [RV16] ). Let X be a projective variety, and D 1 , . . . , D q be effective Cartier divisors, both defined over a number field k. Assume that D 1 , . . . , D q intersect properly on X. Let S ⊂ M k be a finite set of places on k. Let L be a big line sheaf on X. Then, for every ǫ > 0, there is a proper Zariski-closed subset Z of X such that the inequality
On the other hand, in [HL17], Heier-Levin (see also 
Note that, as being indicated in Ru-Vojta [RV16] , when D is an effective Cartier divisor, β(A, D) ≥ ǫD (A) n+1 , so the above result in the divisors case is indeed a consequence of the result of Ru-Vojta (Note that Theorem D can also be stated in the same form of above). However, the proof of their result is much simpler than Ru-Vojta, directly deriving from Theorem A. The following is our main result.
Main Theorem (Arithmetic Part). Let X be a projective variety of dimension n defined over a number field k. Let S be a finite set of places of k. For each v ∈ S, let Y 0,v , . . . , Y l,v be closed subschemes of X, defined over k, and in l-subgeneral position with l ≥ n. Let A be an ample Cartier divisor on X. Then, for ǫ > 0, there exists a proper Zariski-closed subset Z ⊂ X such that for all points
Combining this with Lemma 3.4 in [RW17] , it gives the the following Corollary.
Corollary. Let X be a projective variety of dimension n defined over a number field k. Let S be a finite set of places of k. Let Y 1 , . . . , Y q be closed subschemes of X defined over k, in l-subgeneral position with l ≥ n. Let A be an ample Cartier divisor on X. Then, for ǫ > 0, there exists a Zariski-closed set Z of X such that
Main Theorem (Analytic Part). Let X be a complex projective variety of dimension n. Let Y 1 , . . . , Y q be closed subschemes of X in l-subgeneral position with l ≥ n. Let A be an ample Cartier divisor on X. Let f : C → X be a holomorphic curve with Zariski-dense image. Then, for every ǫ > 0,
The basic set ups of arithmetic part for closed subschemes can be found in [Sil87] , the analytic analogue of which can be found in [Yam04] . In this paper, to make the results clear, we deal with the divisor case (i.e. codim Y = 1) and the proper closed subscheme case (codim Y > 1) separately. The divisor case is a special case of the main theorem without blowing-ups.
The divisor case
For a number field k, recall that M k denotes the set of places of k, and that k υ denotes the completion of k at a place υ ∈ M k . Norms · υ on k are normalized so that
if υ ∈ M k is an Archimedean place corresponding to an embedding σ : k ֒→ C or a non-Archimedean place lying over a rational prime p, respectively. Proposition 2.1. (see [RV16] ) Let k be a number field. Let X be a normal complete variety, let D be a Cartier divisor on X, both defined over k. Let λ D be a Weil function for D. Then the following conditions are equivalent.
(1) D is effective.
(2) λ D is bounded from below by an M k -constant.
(
Let X be a complex projective variety and L → X be a positive line bundle.
Denote by · a Hermitian metric in L and by ω its Chern form. Let f : C → X be a holomorphic map. We define
and call it the characteristic (or height) function of f with respect to L. It is independent of, up to bounded term, the choices of the metric on L. The definition can be extended to arbitrary line bundle, since any line bundle L can be written
For an effective divisor on X, we define a function of r, for any holomorphic map f :
Let X be a complete variety over a number field k, and D be a Cartier divisor
for any number field F ⊂ k(x). It is independent, up to O(1), of the choice of F , as well as the choice of Weil functions (see [Voj11] , Page 143-144). If L is a line 
When V = X, then we say that the divisors D 1 , . . . , D q on X are in l-subgeneral position. Similar definition applies for subschemes Y 1 , . . . , Y q .
The notion "in n-subgeneral position" means the same as "in general position" on a variety of dimension n. In the rest of the paper, by convenience, we just write
The following is a reformulation of Theorem 1.22 in [SR13] which plays important role in the arguments regarding dimensions.
Proposition 2.5. Let X be a projective variety, and A be an ample Cartier divisor on X. Let F ⊂ X be a proper irreducible subvariety. Then either F ⊂ A or
In this section, we prove the following theorem. Then, for ǫ > 0, there exists a proper Zariski-closed subset Z ⊂ X such that for all
where ǫ Dj,v (A) are the Seshadri constants of D j,v with respect to A.
We give a reformulation of a key lemma which is originally due to Quang (see Lemma 3.1 in [Quang19] ). We include a proof here for the reader's convenience.
Lemma 2.7 ([Quang19], reformulated). Let k be a number field. Let X ⊂ P M k be an irreducible projective variety of dimension n. Let H 1 , . . . , H l+1 be hyperplanes in P M k which are in l-subgeneral position on X with l ≥ n. Let L 1 , . . . , L l+1 be the normalized linear forms defining H 1 , . . . , H l+1 respectively. Then there exist linear
(c) Let H ′ j , j = 1, . . . , n + 1, be the hyperplanes defined by L ′ j , j = 1, . . . , n + 1. Then they are in general position on X.
be the linear subspace of W l−n+2 consisting of k-linear combinations of L 2 , . . . , L l−n+2 that vanish entirely on Γ. Since H 1 , . . . , H l+1 are in l-subgeneral position on X,
Hence V Γ is a proper subspace of W l−n+2 . Observe that the choices of Γ is finite, we thus have
where the union is taken over all irreducible component Γ of
Now consider irreducible components Γ ′ of (H ′ 1 ∩H ′ 2 ∩X) with dim Γ ′ = n−2. Let W l−n+3 be the k-vector space spanned by L 2 , . . . , L l−n+3 and V Γ ′ ⊂ W l−n+2 be the k-linear subspace of W l−n+3 given by all k-linear combinations of L 2 , . . . , L l−n+3 that vanishes entirely on Γ ′ . Similar to the argument above, for every such
Repeating the argument we obtain H ′ 1 , . . . , H ′ n+1 which are in general position on X.
Proof of Theorem 2.6. Fix ǫ > 0. Choose rational number δ > 0 such that δ(l − n + 1) + δ(l − n + 1)(n + 1 + δ) < ǫ.
Then, for small enough positive rational number δ ′ depending on δ, δA − δ ′ D i,v is Q-ample for all i = 0, . . . , l and v ∈ S. We fix such δ ′ . By the definition of the Seshadri constant, there exists a rational number ǫ i,v > 0 such that Fix v ∈ S, we claim that there are sections
such that their divisors div(s i,v ), i = 0, . . . , l, are in l-subgeneral position on
. We prove the claim by induction. Assume that, for some j ∈ {0, . . . , l}, sections s 0,v , . . . , s j−1,v with the desired property have been found and div(s 0,v ), . . . , div(s j−1,v ), D j,v , . . . , D l,v are in l-subgeneral position (for j = 0, this reduces to the hypothesis that D 0,v , . . . , D l,v are in l-subgeneral position). In particular, it gives
for any subset I ⊂ {0, . . . , j − 1} and J ⊂ {j + 1, . . . , l}. We choose s j,v ∈
such that s j,v does not vanish entirely on any irreducible components of (∩ i∈I div(s i,v )) ∩ (∩ j∈J D j,v ) where not both I and J are empty. Then by Proposition 2.5,
This means that div(s 0,v ), . . . , div(s j−1,v ), div(s j,v ), D j+1,v , . . . , D l,v are in lsubgeneral position. This finishes the induction. The claim thus is proved.
. . , l, be the divisors on X constructed above. Then, from the construction,
for each i = 0, . . . , l. Hence, by Proposition 2.1 and (3),
Denote by φ : X → PÑ (k) the canonical embedding associated to the very ample divisor N (1 + δ)A and let H 1,v , . . . , H l+1,v be the hyperplanes in PÑ (k) with F j,v = φ * H j+1,v for j = 0, . . . , l. Following notation of Lemma 2.7, we denote L 1,v , . . . , L l+1,v the linear forms defining H 1,v , . . . , H l+1,v respectively. By Lemma 2.7, there exists hyperplanesĤ 1,v , . . . ,Ĥ n+1,v with defining linear formŝ L t,v , t = 1, . . . , n + 1, such thatL 1,v = L 1,v ,L t,v ∈ span k (L 2,v , . . . , L l−n+t,v ) for t = 2, . . . , n + 1 and φ * Ĥ 1,v , . . . , φ * Ĥ n+1,v are located in general position on X. Applying Theorem A to φ * Ĥ 1,v , . . . , φ * Ĥ n+1,v , we conclude that there exists a Zariski-closed set Z such that for all x ∈ X(k) \ Z,
On the other hand, fixing P = φ(x) ∈ PÑ (k), we reorder H 1,v , . . . , H l+1,v such that
For t = 2, . . . , n + 1, using the fact
for some constant C v > 0. Thus, by the definition of λĤ t ,v (P ),
Noticing that P = φ(x) and using the fact that
, it gives, by combining (8) and (9), we obtain
This, together with (7), gives Recall our choice of δ, we get for all
The theorem is thus proved.
Note that Lemma 2.7 also holds for the field C case. So the above argument together, with Theorem B to replace Theorem A (note that the statement of Theorem B is slightly different from Theorem A, but we can obtain a statement which exactly corresponds to Theorem B, see Theorem 1.8 in [HL17] ), which derives the following analytic result.
Theorem 2.8 (Analytic Part). Let X be a complex projective variety of dimension n. Let D 1 , . . . , D q be effective Cartier divisors located in l-subgeneral position on X with l ≥ n. Let A be an ample Cartier divisor on X. Let f : C → X be a holomorphic map with Zariski dense image. Then, for ǫ > 0,
The subscheme case
We follow the notation in [RW17] or [HL17] . Let Y be a closed subscheme on a projective variety V defined over k. Then one can associate to each place v ∈ M k a function
satisfying some functorial properties (up to a constant) described in [Sil87, Theorem
The starting point to study such arithmetic distance functions on subschemes is to understand the natural operations (i.e. addition, intersection, image and inverse image under morphism) on subschemes, which are parallel with the case of divisors.
The key observation here is that we can identify a closed subscheme Y of V with its ideal sheaf I Y , and such operations are naturally defined in terms of operations on ideal sheaves. We briefly summarize them as follows, details can be found in Section 2, [Sil87] . Let Y, Z be closed subschemes of V . (iv) Let φ : W → V be a morphism of varieties. The inverse image of Y is the
The following lemma indicates the existence of local Weil functions for closed subschemes:
Lemma 3.1 (Lemma 2.2 in [Sil87] ). Let Y be a closed subscheme of V . There exist effective Cartier divisors D 1 , · · · , D r such that 
Furthermore, let φ : W → V be morphism of varieties, one has The functoriality of Weil function stated in (iv) of above theorem, is of particular importance when we deal with blowing-ups, hence we reformulate it as a lemma. Lemma 3.6 (See Lemma 5.4.24 in [Laz17] ). Let X be projective variety, I be a coherent ideal sheaf. Let π :X → X be the blowing-up of I with exceptional divisor E. Then there exists an integer p 0 = p 0 (I) with the property that if p ≥ p 0 , then π * OX (−pE) = I p , and moreover, for any divisor D on X,
for all i ≥ 0.
We now prove the theorem, the proof basically follows Heier-Levin's proof (Page 7, [HL17] ).
Proof of The Main Theorem. Denote by
the blowing-up of X along Y i,v , and E i,v the exceptional divisor onX i,v . Fix real number ǫ > 0. Choose rational number δ > 0 such that δ(l − n + 1) + δ(l − n + 1)(n + 1 + δ) < ǫ.
Then for small enough positive rational number δ ′ depending on δ, δπ * A − δ ′ E i,v is Q-ample onX i,v for all i ∈ {0, . . . , l} and v ∈ S. By the definition of Seshadri constant, there exists a rational number ǫ i,v > 0 such that
Fix v ∈ S, like the special divisor case in the above section, we claim that we can construct Cartier divisors F 0,v , . . . , F l,v on X which are located in l-subgeneral
This can be done inductively. Assume F 0,v , . . . , F j−1,v have been
. , Y l,v are in l-subgeneral position on X (for j = 0, this reduces to the hypothesis that Y 0,v , . . . , Y l,v are in l-subgeneral position). To find F j,v , we letF
subgeneral position on X, and by noticing that π −1 j,v is isomorphism outside of Y j,v , we know thatF
l,v are in l-subgeneral position onX j,v outside of E j,v . It is thus reduced to the construction in the divisors case, and by the argument in the divisors case, there are sections
l,v are in l-subgeneral position oñ X j,v outside of E j,v , where we regard H 0 (X j,v , OX j,v (N ((1 + δ)π * j,v A − (ǫ j,v + δ ′ )E j,v ))) as a subspace of H 0 (X j,v , OX j,v (N ((1 + δ)π * j,v A))). On the other hand, by Lemma 3.6, we have, for N big enough,
Therefore there is an effective divisor F j,v ∼ N (1 + δ)A on X such that div(s j,v ) = π * j,v F j,v . Sinces j,v ∈ H 0 (X j,v , OX j,v (N ((1 + δ)π * j,v A − (ǫ j,v + δ ′ )E j,v ))), we have π * j,v F j,v ≥ N (ǫ j,v + δ ′ )E j,v onX j,v . To complete the induction, it remains to show that F 0,v , . . . , F j−1,v , F j,v , Y j+1,v , . . . , Y l,v are in l-subgeneral position on X. l,v are in l-subgeneral position onX j,v outside of E j,v , and π j,v is an isomorphism above the complement of Y j,v , it is clear that F 0,v , . . . , F j−1,v , F j,v , Y j+1,v , . . . , Y l,v are in l-subgeneral position on X outside Y j,v . The full statement now follows from combining this with the fact that Y j,v is in l-subgeneral position with F 0,v , . . . , F j−1,v , Y j+1,v , . . . , Y l,v . This meets the requirement. So the claim holds by induction.
SinceF
Following the claim, for every v ∈ S, we get linearly equivalent Cartier divisors F i,v ∼ N (1 + δ)A, i = 0, . . . , l in l-subgeneral position on X. By the same way in deriving (10), we get In the complex case, we use the notations in [RW17] . In particular, for a complex projective variety X and a holomorphic map f : C → X with f (C) ⊂ Y , we define the proximity function
The above argument also works, by replacing Theorem A with Theorem B, we can prove the analytic result of the Main Theorem stated in the introduction section.
